We consider conductivities of two-dimensional lattice electrons in a magnetic field. We focus on systems where the flux per plaquette φ is irrational (incommensurate flux). To realize the system with the incommensurate flux, we consider a series of systems with commensurate fluxes which converge to the irrational value. We have calculated a real part of the longitudinal conductivity σ xx (ω). Using a scaling analysis, we have found ℜσ xx (ω) behaves as 1/ω γ (γ = 0.55) when φ = τ, (τ = √ 5−1
I. INTRODUCTION
The electronic properties of the two-dimensional periodic systems in a magnetic field have been studied extensively. Even for non-interacting electrons, the various physical quantities (for example, the wavefunctions, and the energy spectra) exhibit extremely rich behaviors [1] [2] [3] [4] [5] [6] 8, 15, 17] and it has been attracted great attentions in relation to the quantum Hall effect [7] [8] [9] [10] [11] [12] , one-dimensional quasiperiodic systems [13] [14] [15] [16] [17] , flux states for the high-T c superconductivity [18] [19] [20] [21] . The algebraic structure of this problem has also been revealed recently [22] [23] [24] .
Consider the tight-binding Hamiltonian on the square lattice When φ is rational, i.e. φ = p/q with mutual prime integers p and q, the spectrum consists of q bands with finite widths. The wave functions are the extended Bloch functions.
Many interesting phenomena related to the quantum Hall effects are discussed [8] [9] [10] [11] [12] .
When φ is irrational (incommensurate), the system exhibits novel structures [5] . It is known that the electronic state and the energy spectrum have various singular natures. The energy spectrum is a Cartor set which consists of infinitely many bands with zero width [13, 15] . Especially the system with φ = τ (τ =
) has been extensively studied [15, 17] .
The spectrum around E = 0 shows a self-similar structure and the clear scaling behavior is observed. The wavefunctions are critical and some of them show the multifractal behavior [17] .
In Ref. [8] , it is shown that the Hall conductivity carried is quantized to be an integer in units of e 2 /h when the Fermi energy E F is in a gap. This integer is given by the first Chern number of the fiber bundle on the magnetic Brillouin zone [10] . It is the total vorticity of the U(1) phase of the Bloch wavefunctions which is a topological invariant. On the other hand, the conductivity of the system is also described by the edge states [11, 12] . It also has a topological origin. The winding number of the edge states in the complex energy plane gives the Hall conductivity [12] . Douçot and Stamp discussed AC conductivities for a commensurate flux φ = p/q when a particle density ρ = φ [28] . In this case, the Fermi energy is in the largest gap and the system is an insulator [20, 21] .
In this paper, we consider both longitudinal and transverse (Hall) conductivity. Especially we are interested in the incommensurate flux limit. When the flux φ is irrational, there are infinite number of bands with zero width (Cantor set). When the Fermi energy E F is not in a gap with a finite width in the Cantor set, it is highly nontrivial whether the system is metallic or not.
In Sec. II, we derive the expression for the conductivity σ µν,φ (ω) for a commensuarate flux φ = p/q when E F is at an arbitrary position in the spectrum using the Kubo formula. In the following sections, the longitudinal conductivity is discussed in details. In Sec. III, systems with a sequence of rational numbers {φ l } are treated numerically in order to understand the system in the incommensurate flux limit. In Sec. IV, we discuss the incommensurate limit by taking an appropriate scaling argument. Sec. V is a summary.
II. DERIVATION OF THE CONDUCTIVITY
In this section, we derive an expression for the conductivity σ µν,φ (ω) for a rational flux φ = p/q by the Kubo formula [29] . The real part ℜσ xx,φ (ω) will be discussed in details.
Let us rewrite the Hamiltonian (1.1) as
with
10)
In a momentum representation, we have
14)
, and the operator c
Let us discuss a one-particle state of the l-th band
The Schrödinger equation
From Eqs. (2.12) and (2.10), we have
Similarly we have
where V is the volume of the system and f
Let us rewrite the second term as
Using the formulae
the first term of Eq. (2.27) is written
Next let us separate the ω-dependent part in the second term of Eq. (2.27) and we have 
For the Hall conductivity σ xy,φ (ω), we have
. For the longitudinal conductivity σ xx,φ (ω), we have 
and
The Drude term ℜσ and (k, l).
For a rational flux, the onset of ℜσ 
III. NUMERICAL RESULTS FOR THE IRRATIONAL FLUX
In order to understand the incommensurate flux case, we approximate the irrational φ by a series of rational fluxes which tends to the irrational as q → ∞. For a large q, the onset of the ℜσ S xx,φ (ω) becomes small and it is difficult to distinguish ℜσ First E F was put in an energy band. We kept E F near zero since there is a energy band around E = 0 if q is odd. The cases with even q were avoided since the density of states disappear linearly at E = 0 [25] [26] [27] . The Drude weights D(q) are shown in Fig.1 . We treated three systems with E F = 0, E F = −0.475∆ l and E F = −0.4995∆ l where ∆ l is a width of the central band in the l-th stage. In some cases, we have data for φ = 610/987(l = 14).
Since it is known that the spectrum shows a self-similar structure for every three fluxes
, we fitted the results within these groups. Numerical results are well fitted by the following scaling form
where the constantD depends on the position of E F but α is universal (see Fig.1 ). We calculated the interband scattering term ℜσ 
IV. DISCUSSIONS
Since ℜσ xx,φ l (ω) shows the complex behavior, we analyze the numerical results in Sec.
III carefully and discuss scaling behaviors of the longitudinal conductivity. Since φ l can be considered as l-th approximation of the irrational flux φ = τ , the energy resolution of the calculations should be determined by the spectrum in the l-th approximation. Thus
where W l is determined by the energy resolution of the energy spectrum. We put ω = 0 to consider the small ω behavior. Denote ℜσ
ave (φ l ). We take W l the same as the energy scale ∆E l of the energy spectrum around E = 0. Let us take ∆E l to be the energy gap around E = 0. The scaling form of ∆E l is numerically given by
This scaling behavior was already discussed in Ref. [15] . We choose the window W l as The coefficient c(W 0 ) depends on the system but it is independent of q l . Next let us consider the latter case when E F is in the band. We calculated ℜσ 
where c ′ (W 0 ) is independent of q l . The scaling exponent α for the Drude weight is defined from Eqs. (4.3) and (4.5) to be
The value of the exponent δ D is identical to δ S within our numerical accuracy. Define δ ≡ δ S ≃ δ D , then the average conductivity ℜσ ave (φ l ) has the scaling form
This form is universal in the sense that the exponent δ is independent of the position of 14) where N c (∼ O (1)) is a number of a possible combination of the energy bands which can contribute the process. Thus we can estimate ℜσ 
